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Abstract A number of nonlinear microbial models of soil carbon decomposition have been 23 

developed. Some of them have been applied globally but have yet to be shown to 24 

realistically represent soil carbon dynamics in the field. A thorough analysis of their key 25 

differences is needed to inform future model developments. Here we compare two 26 

nonlinear microbial models of soil carbon decomposition: one based on reverse Michaelis-27 

Menten kinetics (model A) and the other on regular Michaelis-Menten kinetics (model B). 28 

Using analytic approximations and numerical solutions, we find that the oscillatory 29 

responses of carbon pools to a small perturbation in their initial pool sizes dampen faster in 30 

model A than in model B. Soil warming always decreases carbon storage in model A, but in 31 

model B it predominantly decreases carbon storage in cool regions and increases carbon 32 

storage in warm regions. For both models, the CO2 efflux from soil carbon decomposition 33 

reaches a maximum value some time after increased carbon input (as in priming 34 

experiments). This maximum CO2 efflux (Fmax) decreases with an increase in soil 35 

temperature in both models. However the sensitivity of Fmax to the increased amount of 36 

carbon input increases with soil temperature in model A; but decreases monotonically with 37 

an increase in soil temperature in model B. These differences in the responses to soil 38 

warming and carbon input between the two nonlinear models can be used to differentiate 39 

which model is more realistic when compared to results from field or laboratory 40 

experiments. These insights will contribute to an improved understanding of the significance 41 

of soil microbial processes in soil carbon responses to future climate change. 42 

 43 

Key words: soil carbon model, carbon input, warming, nonlinear model, priming 44 

  45 



3 

 

1. Introduction 46 

The dynamics of soil carbon in most global biogeochemical models are modelled using first-47 

order kinetics, which assumes that the decay rate of soil carbon is proportional to the size of 48 

soil carbon pool. This approach has been recently questioned on theoretical grounds 49 

(Schimel and Weintraub, 2003; Fontaine and Barot, 2005), and is contradicted by the 50 

observed responses of soil carbon decay to the addition of fresh organic litter (Fontaine et 51 

al., 2004; Sayer et al., 2011) or soil warming (Luo et al., 2001; Mellilo et al., 2002; Bradford 52 

et al., 2008). As a result, a number of nonlinear soil microbial models have been developed 53 

(Allison et al., 2010; Manzoni and Porporato, 2007; Wutzler and Reichstein, 2008) and a few 54 

of them have been applied at global scales (Wieder et al., 2013; Sulman et al. 2014). 55 

Predictions of future soil carbon change by these nonlinear models can differ significantly 56 

from conventional linear models (Fontaine et al., 2007, Wieder et al., 2013). For example, 57 

conventional linear soil carbon models predict that soil carbon will decrease with increased 58 

temperature, all else being equal (Jenkinson et al., 1991), whereas the nonlinear models 59 

predict that the soil carbon can decrease or increase, depending on the temperature 60 

sensitivity of microbial growth efficiency and turnover rates (Frey et al., 2013; Hagerty et al., 61 

2014; Li et al., 2014).  However the nonlinear models have yet to be validated against field 62 

measurements as extensively as the conventional linear soil carbon models (Wieder et al., 63 

2015). They also have some undesirable features, particularly the presence of strong 64 

oscillations or bifurcations (Manzoni and Porporato, 2007; Wang et al., 2014) in their 65 

dynamics that are not observed in the real world systems. Therefore it is important to 66 

improve understanding of the behaviour of these nonlinear models before they are used in 67 

earth system models for informing climate decisions. 68 

Nonlinear microbial models can explain why the decomposition rate of recalcitrant organic 69 

soil carbon varies after the addition of easily decomposable organic carbon to soil; which is 70 

known as the priming effect (Kuzyakov, Friedel and Stahr, 2000). This response has been 71 

observed in the field (Fontaine et al., 2004, Sayer et al., 2011) but cannot predicted by 72 

conventional linear soil carbon models without modification (Fujita, Witte and Bodegom, 73 

2014). Theoretically, decomposition of soil organic carbon is catalysed by extracellular 74 

enzymes that are produced by soil microbes. The production rate of extracellular enzymes 75 

depends on the biomass and composition of the soil microbial population and their local 76 
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environment. Therefore the decomposition rate of soil organic carbon should depend on 77 

both microbial biomass and substrate concentration (Schimel and Weintraub, 2003), rather 78 

than on substrate concentration only, as assumed in conventional linear models.  79 

This sensitivity of soil carbon decomposition to the input of additional carbon has important 80 

implications for the storage of carbon by the biosphere in response to climate change.  Soil 81 

is the largest land carbon pool and therefore the direction and magnitude of the global 82 

carbon-climate feedback strongly depends on the responses of soil carbon to future 83 

warming (Jones and Fallow, 2009; Hargety et al., 2014).  84 

A number of nonlinear models have been developed that explicitly account for the dynamics 85 

of the soil microbial community (Parnas, 1978; Smith, 1979; Schimel and Weintraub, 2003; 86 

Wutzler and Reichstein, 2008; Allison et al., 2010; Grant, 2014; Riley et al., 2014; Tang and 87 

Riley 2014). Parnas (1979) explored the mechanism of priming using a nonlinear soil 88 

microbial model that included both soil carbon and nitrogen dynamics. Smith (1979) 89 

developed a nonlinear model of soil carbon decomposition that included the interactions 90 

among carbon, nitrogen, phosphorus and potassium. Smith’s model represented multiple 91 

forms of carbon, nitrogen and phosphorus and their transformation via abiotic (such as 92 

adsorption and desorption) and biological processes by different groups of soil microbes. 93 

The soil models developed by both Parnas (1978) and Smith (1979) were based on regular 94 

Michaelis-Menten kinetics, in which the rate of carbon decomposition depends linearly on 95 

the concentration of soil enzymes but nonlinearly on substrate concentration (Roberts 96 

1977). This was challenged by Schimel and Weintraub (2003) who emphasized the 97 

importance of exoenzyme limitation on soil carbon decomposition. Schimel and Weintraub 98 

(2003) used a reverse Michaelis-Menten kinetics formulation to show that the response of 99 

soil carbon decomposition to carbon substrate concentration can be nonlinear regardless of 100 

carbon supply. The reverse Michaelis-Menten kinetics for soil carbon decomposition 101 

assumes that the rate of carbon decomposition depends nonlinearly on enzyme 102 

concentration but linearly on substrate concentration.  103 

The nonlinear soil carbon models described above have subsequently been used in a variety 104 

of studies: to explore different the fundamental mechanisms controlling soil carbon 105 

decomposition (Schimel and Weintraub 2003 for example), to investigate the sensitivity of 106 
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soil carbon and other biogeochemical processes to warming (Grant, 2014; Tang and Riley, 107 

2014), to investigate the response of soil carbon to a small perturbation, such as priming 108 

(Wutzler and Reichsentein, 2013), and to predict soil carbon responses to global change 109 

(Wieder et al., 2013; Sulman et al., 2014). Some studies have explored the mathematical 110 

properties of these nonlinear models in detail (Manzoni et al. 2004; Manzoni and Porporato, 111 

2007; Raupach, 2007; Wang et al., 2014 are examples). However to date these have been 112 

predominantly restricted to obtaining insights for individual models and with a specific 113 

parameterization.  114 

In this study we use mathematical analysis to improve our understanding of the key 115 

properties of nonlinear microbial models. For simplicity and analytic convenience, we 116 

choose two simple types of nonlinear microbial models: one with regular Michaelis-Menten 117 

kinetics and other with the reverse Michaelis-Menten kinetics. These models can be 118 

considered as two special cases of the more general kinetics discussed by Tang (2015). 119 

These two simple formulations are amenable to analytic approximations, whereas the 120 

formulations with more general kinetics, such as the equilibrium chemistry approximations, 121 

are not. We only represent three soil carbon pools with each model and ignore abiotic 122 

processes for simplicity, despite these being potentially important under certain conditions 123 

(see Tang and Riley, 2014 for an example). In comparing the two nonlinear microbial models, 124 

we use the standard mathematical technique to analyze their responses to a small 125 

perturbation (see Wang et al. 2014), such as a step change in soil temperature or carbon 126 

input, or whether two models exhibit oscillatory behavior under what conditions, and how 127 

the analytic approximations to the exact model solutions differ between the two nonlinear 128 

models. We address the following questions: (1) how do the responses of these two models 129 

to soil warming differ and why? (2) can both models simulate the response of soil carbon 130 

decomposition to increased carbon input as in a priming experiment and what determines 131 

the magnitude of the response in each model?  132 

 133 

2 Methods 134 

2.1 Model description 135 
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We consider two nonlinear soil microbial models: model A, which uses reverse Michaelis-136 

Menten kinetics and model B, which uses regular Michaelis-Menten kinetics (specified 137 

below). Both models have three carbon pools: litter carbon, microbial biomass and soil 138 

carbon.  139 

Model A is based on the nonlinear microbial model of soil carbon described Wutzler and 140 

Reichstein (2013; their model A1). Their original model has four pools, modelled by 141 
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where t is time in years, Cl, Cs, Cb and Cm represent the pool sizes of litter carbon, soil carbon, 146 

microbial biomass carbon and assimilable soil carbon in g C m
-2

, respectively; Fnpp is carbon 147 

input in g C m
-2

 year
-1

, with the fraction a going to the soil carbon pool, and (1-a) to the litter 148 

carbon pool. µl, µs, µb and µm are rate constants of litter carbon, soil carbon, microbial 149 

biomass and assimilable carbon per year, respectively (see Schimel and Weintraub 2003); ε 150 

is microbial growth efficiency, Kb and Km are two empirical constants in g C m
-2 

for the 151 

dependence of the consumption of litter carbon or assimilable carbon by soil microbes.  152 

In this study we are interested in the responses at time scales greater than 1 year. We 153 

therefore assume that Cm is at steady state (dCm/dt=0) because of its relatively fast turnover 154 

(less than a few days). Therefore the dynamics of microbial biomass, Cb, can be simplified to 155 
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Model A as used in this paper consists of eqns (1), (2) and (5) unless otherwise specified. 157 

This type of formulation was also used by Schimel and Weintraub, (2003) and Drake et al., 158 

(2013).  159 

Model B, based on the model used by Allison et al, (2010) and Wieder et al., (2013) with one 160 

additional assumption that both enzyme and dissolved organic carbon pools are at steady 161 

states, is given by 162 
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where Kl and Ks are Michaelis-Menten constants in g C m
-2

, and Vl and Vs are maximum rates 166 

of substrate carbon (litter or soil) assimilation rate per unit microbial biomass per year. This 167 

type of kinetics was used by Riley et al. (2014), Wieder et al. (2014) and Wang et al. (2014). 168 

These two models make different assumptions about the rate-limiting step in carbon 169 

decomposition. Both models assume that microbes have similar access to litter and soil 170 

carbon. In model A, carbon decomposition is assumed to depend non-linearly on the 171 

number of binding sites or the amount of substrate and linearly on enzymes or microbial 172 

biomass (Schimel and Weintraub, 2003). In model B, carbon decomposition is assumed to 173 

depend nonlinearly on enzymes or microbial biomass and linearly on the number of binding 174 

sites or the amount of substrate (Allison et al., 2010).  175 

When carbon input, Fnpp is equal to zero, the steady state solution is zero for litter and soil 176 

carbon pools for both models (a trivial solution). When Fnpp >0, the steady state solutions to 177 

Model A are: 178 

��∗ = ����	
���� + ������	����	����  ,      (9) 179 

��∗ = 
���������	� , and        (10) 180 
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��∗ = �� + ������� 
���� + �1 + ����� − 1	� ����  .    (11) 181 

The steady state solutions to model B are:  182 
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CO2 efflux from the decomposition of soil organic carbon (Fs), is calculated as: 186 

  � = �1 − �	!��� "�"�#��     for model A  and    (15) 187 

  � = �1 − �	�� $�"�"�#��        for model B  .   (16) 188 

2.2 Parameter values 189 

We allow all model parameters to vary with soil temperature (Ts) with the exception of 190 

parameter a. Based on the work of Allison et al., (2010) and Hagerty et al., (2014), we model 191 

the temperature dependence of parameters as  192 

� = �% − &�'� − '%	 , and       (17) 193 

!� = !�%(&)�*�'� − '%	�        (18) 194 

for both models, where TR is reference soil temperature in 
o
C (=15

o
C), εR and µbR are the 195 

values of ε and µb at Ts=TR, respectively, and x and b are two empirical constants (see Table 196 

1 for their default values).  197 

Previously there has been debate about the temperature sensitivities of ε and µb (see Frey 198 

et al., 2013; Hargety et al., 2014). The microbial models as developed by Allison et al. (2010), 199 

and used by Wieder et al. (2013) and Wang et al. (2014) assumed that ε was temperature-200 

sensitive and µb was temperature-insensitive (or b=0). This assumption was recently 201 
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challenged by Hargety et al. (2014) who found that µb was temperature sensitive and ε was 202 

not, based on a laboratory soil warming experiment. Here we will explore the consequence 203 

of different assumptions about the temperature sensitivities of ε and µb on the simulated 204 

response of soil carbon to warming by the two models (see Section 3.2).  205 

We also assume that three additional model parameters in model A, Kb, µl and µs depend on 206 

soil temperature exponentially, with 207 

+� = +�%(&)�,-�'� − '%	�,         (19) 208 

!� = !�%(&)�,��'� − '%	�  ,        (20) 209 

and !� = !�%(&)�,��'� − '%	�         (21) 210 

where KbR, µlR and µsR are the values of Kb, µl and µs when soil temperature (Ts) is equal to 211 

the reference temperature, TR (=15 
o
C in this study), and αk, αl and αs are three empirical 212 

constants with their default values listed in Table 1. 213 

For model B, we assume that Kl, Ks, Vl and Vs increase with soil temperature exponentially; 214 

+� = +�%(&)�.-��'� − '%	� ,        (22) 215 

 +� = +�%(&)�.-��'� − '%	� ,        (23) 216 

and 217 

/� = /�%(&)�.0��'� − '%	� ,        (24)  218 

/� = /�%(&)�.0��'� − '%	�          (25) 219 

where KlR, KsR, VlR and VsR  are the values of Kl, Ks, Vl, and Vs at the reference soil 220 

temperature (TR), respectively; and βkl, βks, βvl and βvs are four empirical constants for model 221 

B (see Table 1).  222 

As found by Wang et al., (2014), the microbial biomass as simulated by model B using the 223 

parameter values of Wieder et al., (2013) was low (<1% of total soil carbon). We therefore 224 

reduced the turnover rate of microbial biomass to 1.1 year
-1

 by assuming that 2% of total 225 

soil organic carbon is microbial biomass carbon at a soil temperature of 15 
o
C. Some 226 
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parameter values in model A at the reference temperature were obtained by calibrating the 227 

equilibrium litter and soil carbon pool sizes against those from model B for a soil 228 

temperature of 15 
o
C and carbon input of 400 g C m

-2
 year

-1
, as used in Wang et al., (2014). 229 

2.3 Analytic solutions and numerical simulations 230 

We derived and used analytic solutions whenever possible for comparing the two models.  231 

Specifically, we mathematically analyzed the temperature dependence of steady state soil 232 

carbon pool size, and derived an analytic approximation of soil temperature at which 233 

equilibrium soil carbon is at a minimum (e.g. eqn B4 for model B). We also derived an 234 

approximate solution for the maximum CO2 loss from soil carbon decomposition after the 235 

increased carbon input for each model (eg. Eqn C12 for model A and C15 for model B). 236 

When an analytic solution was not possible or too cumbersome, we used numerical 237 

simulations to show the differences between the two models in their responses of carbon 238 

pools to a small perturbation in litter or microbial carbon pool sizes, and the response of 239 

CO2 efflux from soil carbon decomposition to litter addition at a tropical forest site (Sayer et 240 

al. 2011). 241 

3. Results 242 

Before comparing the responses of our models to soil warming and increased carbon input, 243 

we first analyse some key properties of their responses to a small perturbation, i.e. whether 244 

both models oscillate in response to a small change in their initial pool sizes and what 245 

determines the period and amplitude of the oscillation. As a step change in soil temperature 246 

or carbon input can be considered to be a perturbation, identifying differences in those key 247 

properties will help us understand the differences in the responses of the two models to soil 248 

warming and increased carbon input. 249 

The response of model B to perturbation has already been analysed by Wang et al., (2014), 250 

and will not be elaborated here, but the results from that analysis will be used to compare 251 

the period and amplitude of the response to perturbation to that of model A. 252 

3.1 Comparison of the perturbation responses of both models 253 
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Perturbation analysis is a standard mathematical technique for analysing the behaviour of a 254 

dynamic system near its equilibrium state (see Drazin 1992 for further details).  There are 255 

two kinds of perturbation responses: stable or unstable. The system states, or carbon pool 256 

sizes in this study will always approach their equilibrium states for a stable response, or 257 

otherwise for an unstable response. For both stable and unstable responses, the transient 258 

change of a carbon pool size over time can be oscillatory or monotonic. As shown in 259 

Appendix A, the response of a carbon pool to a small perturbation is stable always, and 260 

oscillatory only if 
( )

( )2

221
4

lb

bbl
npp

K
F

µµ
µµ

ε
ε

−
−< , or monotonic otherwise for model A. This 261 

region of oscillation in the two-dimensional space of carbon input and soil temperature is 262 

shown in black in Figure 1. The response of model A to a small perturbation is oscillatory 263 

under most conditions; the conditions with low soil temperature and high carbon input are 264 

uncommon in terrestrial ecosystems.  265 

The results of a singular perturbation analysis are strictly applicable only when the 266 

perturbation is small. However our simulations show that the predictions from the 267 

perturbation analysis approximate well the responses of our two models to any realistic 268 

perturbation (see Appendix A of this paper, and Appendix B in Wang et al., (2014)).  269 

Therefore we can predict how soil carbon or other carbon pools change over time in 270 

response to a change in carbon inputs or soil warming (i.e. a perturbation of the external 271 

environment) and explain why the responses of the carbon pools are different between the 272 

two models. 273 

To illustrate how the responses of carbon pools to a small perturbation differ between the 274 

two models, we numerically simulated the recovery of all three carbon pools in each model 275 

after a 10% reduction at time t=0 in both litter and microbial carbon from their respective 276 

steady state values, while no perturbation was applied to soil carbon at t=0 (see Figure 2). 277 

The amplitude of the initial oscillation is about 70 g C m
-2

 for the litter pool (see Figure 2B) 278 

and 7 g C m
-2

 for the microbial carbon pool (see Figure 2D) in model B, compared to about 279 

25 g C m
-2

 (see Figure 2A) for the litter pool and 4 g C m
-2

 for the microbial pool (see Figure 280 

2C) in model A. After 20 years, both the litter and microbial carbon pools are very close to 281 

their respective steady state values in model A, but continue to oscillate in model B. 282 
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The oscillatory response can be mathematically characterized by its half-life (t0.5) and period 283 

(p). For a stable oscillatory response, the amplitude of the oscillation decays exponentially. 284 

The time for the amplitude to reach 50% of its initial value is defined as the half-life time 285 

(t0.5). The smaller t0.5, the faster the oscillation dampens. As explained in Appendix A, values 286 

of t0.5 and p for model A are much smaller than model B for any given soil temperature and 287 

perturbation. This explains why the oscillatory response of model A dampens much faster 288 

than model B.  289 

There are significant differences in the response of soil carbon between the two models.  290 

While there is no response of soil carbon to a small perturbation in litter carbon and 291 

microbial biomass in model B, soil carbon in model A decreases initially to a minimum value 292 

at 5 years after the perturbation, then gradually increases to its steady state value. These 293 

differences in the response of soil carbon between the two models can be explained by the 294 

differences in the structure of eigenvectors for litter carbon and microbial biomass between 295 

the two models (see Appendix A for further details).  296 

3.2 Response of soil carbon to warming 297 

Here we explore how soil carbon responds to a step increase in soil temperature, as in many 298 

soil warming experiments (Luo et al., 2001; Mellilo et al., 2002), and ignore the response of 299 

carbon input to warming.  300 

As explained in Appendix A, the response of soil carbon to warming is always stable in both 301 

models and is likely to be weakly oscillatory in model A and monotonic in model B.  The 302 

transient change in soil carbon after warming can be predicted using the generalised 303 

solution for soil carbon for each model (see Eqn B1 of Wang et al. (2014)). Therefore the 304 

directional change of soil carbon in response to warming, i.e. increasing or decreasing only, 305 

depends on the sensitivity of the equilibrium soil carbon pool to soil temperature in both 306 

models.  307 

As shown in Appendix B, the equilibrium pool size of soil carbon of model A always 308 

decreases with soil warming if carbon input does not increase with warming. For model B, 309 

the equilibrium pool size of soil carbon can increase or decrease in response to warming, 310 

depending on soil temperature and model parameter values. In Appendix B, we show that a 311 
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soil temperature (Tx) may exist at which the equilibrium soil carbon is at a minimum for 312 

model B. Identifying Tx is important for predicting the directional change of soil carbon by 313 

model B in a warmer world, because soil carbon will decrease if the warmed soil 314 

temperature is below Tx, and will increase otherwise.  315 

The value of Tx for model B depends on three parameters: the fraction of carbon input 316 

directly into the soil pool (a), microbial biomass turnover rate (µb or its temperature 317 

sensitivity b) and microbial growth efficiency (ε or its temperature sensitivity x). Figure 3a 318 

shows that Tx for model B decreases with an increase in a or x.  Over the ranges of values of 319 

x and a, Tx can vary across the range of air temperature experienced by most terrestrial 320 

ecosystems. For example, Tx is >40 
o
C, when x<0.005 

o
C

-1
 and a<0.5., therefore the 321 

equilibrium soil carbon predicted by model B decreases with warming when the warmed soil 322 

temperature is below 40 
o
C. When a>0.4 and x > 0.02 

o
C

-1
, Tx is <0 

o
C (the black region on 323 

the top left corner of Figure 3a), therefore the simulated equilibrium soil carbon by model B 324 

increases with warming if the warmed soil temperature is above 0 
o
C. 325 

Figure 3b shows that Tx for model B decreases with an increase in b or x. When the turnover 326 

rate of microbial biomass is not sensitive to soil temperature (b=0) and x=0.016 
o
C

-1
 as the 327 

default value for model B, Tx is about 35
o
C. For b=0.063, as estimated by Hagerty et al., 328 

(2014), Tx < 0 
o
C, therefore the equilibrium soil carbon pool size as simulated by model B 329 

always increases with soil warming for most terrestrial ecosystems, irrespective of the value 330 

of x.  331 

Therefore the simulated responses of the soil carbon pool to warming by the two models 332 

can be quite different: the equilibrium soil carbon pool size always decreases with soil 333 

warming in model A, but can increase or decrease in model B, depending on the 334 

temperature sensitivities of microbial growth efficiency and microbial turnover rate and the 335 

fraction of carbon input entering soil carbon pool directly. 336 

3.3 The response of soil carbon to an increased litter input 337 

We compare the simulated responses of soil carbon to litter addition by the two models 338 

with field measurements from an experiment described by Sayer et al., (2011). The 339 

experiment used three treatments: litter removal (L
-
), with aboveground litter being 340 
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removed regularly; increased litter input (L
+
) with the added litter from the litter removal 341 

treatment; and a control (C). Measurements of CO2 efflux from soil were made and the 342 

contribution of root-rhizosphere respiration to soil respiration was estimated using a δ13
C 343 

technique. Sayer et al. (2011) found that the CO2 efflux from the decomposition of soil 344 

organic carbon in the L
+
 treatment was 46% higher than in the control. Therefore, increased 345 

litter addition accelerated the decomposition of soil organic carbon. Here we assess 346 

whether the observed response of soil carbon decomposition to increased litter input can 347 

be reproduced by running both models for L
+
 and C treatments. 348 

Inputs to each model, including the monthly data of soil temperature and litter input from 349 

2002 to 2008 for two treatments (C and L
+
) at the site, were compiled from Sayer and 350 

Tanner (2010a, 2010b; see Figure 4 for monthly litter input as an example). We also 351 

assumed that the contribution of fine-root respiration to total soil respiration (root 352 

respiration plus heterotrophic respiration) was 35% for the control treatment and 21% for 353 

the litter addition treatment, based on the estimates by Sayer et al., (2011).  354 

The initial sizes of all pools were obtained by running each model with the monthly inputs 355 

for the first two years repeated until all pools reached steady state (i.e. the change in pool 356 

size between two successive cycles is less than 0.01%). 357 

Using the initial pool sizes for each model and the monthly input from 2002 to 2008, we 358 

numerically integrated both models and calculated the average contributions to total soil 359 

CO2 efflux from the decomposition of litter and soil organic carbon for the last 2 years 360 

(2007-8) and compared the simulated results with the estimates from field measurements 361 

by Sayer et al., (2011).  362 

By tuning values of two model parameters (µbR and KbR) (see Table 1), we obtained an initial 363 

microbial biomass carbon 240 g C m
-2

 for both models, very close to the measured microbial 364 

biomass carbon of 219 g C m
-2

 by Sayer et al., (2007). The simulated initial soil carbon is 365 

6715 g C m
-2

 for model A and 6945 g C m
-2

 for model B, which is higher than the estimated 366 

soil carbon of 5110 gC m
-2

 in the top 25 cm (Cavelier et al., 1992) and lower than the 367 

estimated soil carbon of 9272 g C m
-2

 in the top 50 cm soil (Grimm, 2007).  368 
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The estimated total soil CO2 efflux from the control treatment by Sayer et al., (2011) was 369 

1008 g C m
-2

 year
-1

 from 2007 to 2008, which was closely simulated by both models (1004 g 370 

C m
-2

 year
-1

 by model A and 1008 g C m
-2

 year
-1

 by model B). However both models 371 

overestimated the total soil CO2 efflux from the litter addition treatment. The estimated 372 

efflux by Sayer et al., (2011) was 1380 g C m
-2

 year
-1

, as compared with the simulated flux of 373 

1425 g C m
-2

 year
-1

 by model A and 1502 g C m
-2

 year
-1

 by model B (see Figure 5). 374 

The additional CO2 efflux from the decomposition of soil carbon in the litter addition 375 

treatment was estimated to be 180±50 g C m
-2

 year
-1

 by Sayer et al., (2011), which was quite 376 

well simulated by model B (105 g C m
-2

 year
-1

) (see Figure 5B), but was underestimated by 377 

model  A (29 g C m
-2

 year
-1

) (see Figure 5A).  378 

The difference in the simulated response of soil organic carbon decomposition to increased 379 

litter input by the two models can be explained by differences in their substrate kinetics. 380 

The rate of carbon loss from the decomposition of soil carbon depends on both soil carbon 381 

and microbial biomass in both models. Because soil carbon is unlikely to change significantly 382 

within a few years, the rate of CO2 emission from soil carbon decomposition will largely 383 

depend on microbial biomass, and that dependence is nonlinear following the reverse 384 

Michaelis-Menten equation in model A (see eqn 2), but is linear in model B (see eqn 7). 385 

Therefore the simulated response of soil organic carbon decomposition to increased litter 386 

input by model B is more sensitive to microbial biomass than model A. 387 

3.4 Response to priming: maximum CO2 efflux from soil carbon decomposition  388 

Results from the above comparison of the responses of two models to the increased litter 389 

input are likely dependent on soil temperature, carbon input, and model parameter values. 390 

To understand the differences of the responses of our two models to litter addition at 391 

different rates and soil temperatures for any parameter value, we use the analytic 392 

approximations to maximum CO2 efflux from the priming treatment for each model to 393 

identify key differences in their response to priming. 394 

Priming is defined as the change of organic carbon decomposition rate after the addition of 395 

an easily decomposable organic substance to soil (Kuzyakov, Friedel and Stahr, 2000). In lab 396 

priming experiments, a given amount of isotopically labelled C substrate is added to the 397 

primed treatment only at the beginning of the experiment (t=0) and no substrate is added 398 
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to the control. CO2 effluxes from soil carbon decomposition are estimated from 399 

measurements for the following weeks or longer (Cheng et al., 2014). The effect of priming, 400 

p, is calculated as (Rp-Rc)/Rc, where Rc and Rp are the CO2 efflux from the decomposition of 401 

soil organic carbon in the control and primed treatments, respectively.  Maximum values of 402 

p are usually reported in most priming studies (see Cheng et al., 2014). 403 

However analytic approximations to p for both models are quite cumbersome for analysing 404 

their differences in the responses to priming. Another way to quantify the priming effect is 405 

by measuring the maximum CO2 efflux from soil organic carbon decomposition after carbon 406 

addition at time t=0 (Jenkinson et al., 1985; Kuzyakov, Friedelb and Stahr, 2000). This 407 

quantity can be easily measured in the laboratory or field. 408 

In both models, the equilibrium soil microbial biomass is proportional to carbon input (see 409 

eqns 11 and 13). In the primed treatment, the amount of carbon added at t=0 usually is well 410 

above the rate of the carbon input under natural conditions, and no further carbon is added.  411 

Therefore the microbial biomass will increase until reaching a maximum value, then 412 

decreases with time after t=0.  413 

As shown in Appendix C, the maximum CO2 efflux from soil carbon decomposition in the 414 

primed treatment, Fmax, depends on the maximum microbial biomass and microbial growth 415 

efficiency for both models, and also on soil carbon turnover rate for model A (see eqn C12 416 

for FA), and on the microbial turnover rate for model B (see eqn C15 for FB).  417 

Figure 6 shows that Fmax (or FA for model A, FB for model B) increases with carbon input, and 418 

decreases with an increase in soil temperature for both models.  However, the sensitivity of 419 

Fmax to carbon input at different soil temperatures is different between the two models. For 420 

model A, the sensitivity of Fmax to carbon input is greatest around 25 
o
C, and is quite small at 421 

< 5 
o
C. For model B, the sensitivity of Fmax to carbon input decreases with an increase in soil 422 

temperature (see Figure 6). 423 

The sensitivity of Fmax to soil temperatures in both models can be explained by the analytic 424 

approximations (eqn C12 for model A and C15 for model B). Maximum CO2 efflux is 425 

proportional to soil carbon in model A, and to the maximum microbial biomass in model B. 426 

Both soil carbon and maximum microbial biomass in both models decrease with an increase 427 
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in soil temperature for the parameter values we used (see Figure 6c), therefore Fmax also 428 

decreases with an increase in soil temperature.  429 

Differences in the sensitivity of Fmax to carbon input at different soil temperatures in the two 430 

models can also be explained by their respective analytic approximations, particularly the 431 

dependence of maximum microbial biomass on both carbon input and initial microbial 432 

biomass in model A (see eqn C11) and on equilibrium litter carbon pool size in model B (see 433 

eqn C14), because Fmax depends on the maximum microbial biomass in both models. In 434 

model A, FA nonlinearly varies with maximum microbial biomass (see Eqn C12), which 435 

increases linearly with carbon addition at t=0 (∆Cl) and varies nonlinearly with the initial 436 

pool size of microbial biomass (��∗	 (see Eqn C11). Because ��∗ increases with a decrease in soil 437 

temperature or an increase in ∆Cl (see Figure 6c), FA increases with an increase in ∆Cl (either directly 438 

Eqn C11 or via the effect on ��∗), and with a decrease in soil temperature (via the temperature 439 

dependence of ��∗). 440 

In model B, the sensitivity of FB to carbon input is determined by the maximum microbial 441 

biomass (Cbmax,B), which varies with equilibrium litter pool size (��∗) following the regular 442 

Michaelis-Menten equation (Cbmax,B ∝ Ml in eqn C14) for a given amount of carbon input 443 

(∆Cl). The equilibrium litter carbon pool size increases with soil temperature, and is 444 

independent of carbon input based on eqn (12) (see Figure 6d). When soil temperature is 445 

low, ��∗ is low, therefore sensitivity of FB to carbon input is high. When soil temperature is 446 

high, ��∗ is high and the sensitivity of FB in model B to carbon input is low because of 447 

saturating response in the regular Michaelis-Menten equation.  448 

4. Discussion  449 

Here we analysed the responses of different carbon pools to perturbation, soil warming and 450 

increased carbon input in two nonlinear microbial soil carbon models. Table 2 lists the key 451 

differences of those responses. 452 

Some of the differences between the two models also depend on the chosen parameter 453 

values for each model. For example, there has been debate about the temperature 454 

sensitivities of microbial biomass turnover rate and microbial growth efficiency (Frey et al., 455 

2013; Hargety et al., 2014), and the simulated sensitivity of soil carbon to warming (Hagerty 456 
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et al. 2014). Regardless of the temperature sensitivity of microbial growth efficiency, model 457 

A always simulates a decrease in the equilibrium soil carbon under warming, whereas model 458 

B can simulate an increase or a decrease in the equilibrium soil carbon under warming, 459 

depending on the temperature sensitivities of microbial growth efficiency and turnover rate. 460 

If microbial growth efficiency is sensitive to soil temperature and microbial turnover rate is 461 

not, as found by Frey et al (2013),  the simulated responses of equilibrium soil carbon to 462 

warming by the two nonlinear models are quite similar in the direction of response over 463 

temperate and boreal regions, but different in the tropical regions. This is because the 464 

minimum soil carbon temperature, Tx for model B is about 25 
o
C for x= 0.015 K

-1
 and a=0.05, 465 

the values used by Allison et al., (2010) and German et al., (2012) (see Figure 3a). In that 466 

case the equilibrium soil carbon, as simulated by model B, will decrease over most 467 

temperate and boreal regions, for which the mean soil temperature within the rooting zone 468 

is below 25 
o
C for most of the growing season, and will increase in tropical regions, for 469 

which the mean soil temperature in the top 100 cm of soil is close to 25 
o
C for most of the 470 

year. However if microbial turnover rate is sensitive to soil temperature and microbial 471 

growth efficiency is not, as found by Hargety et al., (2014), then Tx is < 0
o
C at αs >0.055 (

o
C)

-1
 472 

for model B, causing equilibrium soil carbon to increase in model B with warming, but 473 

decrease in model A with warming. Therefore, the predicted responses of soil carbon to 474 

warming by the two nonlinear models differ significantly across all major global biomes 475 

where mean rooting zone soil temperature over the growing season is above 0 
o
C.  476 

Some of the key differences in the responses of the two nonlinear models can be used to 477 

differentiate which model is more applicable to the real world. For example, the oscillatory 478 

response of model A generally is quite small (<1%), which is quite consistent with the results 479 

from litter removal experiments (Sayer, Powers and Tanner, (2007) for example). The 480 

relatively large and more persistent oscillation in model B has not been observed in the field, 481 

and the insensitivity of soil carbon to a perturbation in the litter or soil microbial carbon 482 

pool in model B also needs to be assessed against long term field experiments such as the 483 

DIRT experiment (Nadelhoffer et al., 2004). Model B in its present form may not be 484 

applicable under field conditions. It has been argued that the influences of microbial 485 

community structure and their activities on mineral soil carbon decomposition at field scale 486 

may be much smaller than at the rhizosphere scale (Schimel and Schaeffer, 2012), because 487 
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substrate concentration rather microbial activity is the rate-limiting step for the 488 

decomposition of soil organic matter in mineral soils. A recent study by Sulman et al., (2014) 489 

clearly showed the importance of physical protection of microbial by-products in forming 490 

stable soil organic matter, and its implications for the response of global soil carbon to 491 

carbon inputs. This mechanism has been recently incorporated into a nonlinear soil 492 

microbial carbon model (Wieder et al., 2014). Whether the large oscillatory responses of 493 

model B will be significantly dampened by the addition of such physical protection 494 

mechanism is yet to be studied. 495 

The two models also have quite different sensitivities to soil warming (see Table 2), 496 

particularly in warm regions. Results from a decade-long soil warming experiment showed 497 

that warming did not reduce soil carbon, because plant carbon production increased as a 498 

result of the increased availability of soil mineral nitrogen in a nitrogen-limited forest 499 

(Melillo et al., 2002). However this is quite a different mechanism because model B in our 500 

study does not include a nitrogen cycle nor the response of carbon input to warming. 501 

Overall both models can simulate the priming response to a change in carbon inputs, 502 

although model A simulates a weaker response than model B and the sensitivities to carbon 503 

input at different soil temperature are different between the two models, particularly under 504 

cool climate conditions (see Table 2). So far, results from litter manipulation experiments in 505 

the field have not been analysed for their sensitivity to soil temperature.  The differences in 506 

the responses of soil carbon decomposition to an increased carbon input we identified 507 

between the two models can also be used to assess which model is more applicable in the 508 

field using experiments with different carbon input under cool (mean annual air 509 

temperature <10 
o
C) and warm (mean annual temperature >20 

o
C) conditions. If the 510 

sensitivity of soil carbon decomposition to an increased carbon input under cool conditions 511 

is greater than that under warm conditions, then model B is more appropriate than model A. 512 

This has yet to be tested. 513 

Our analysis here does not include some other key processes, such as the transformations of 514 

different forms of organic carbon substrates by different microbial communities as included 515 

in some models (see Grant 2014; Riley et al. 2014 for example). Therefore the conclusions 516 

from this study about the two nonlinear models should be interpreted with some caution. 517 
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As shown by Tang and Riley (2014), interactions among soil mineral sorption, carbon 518 

substrate and microbial processes can generate transient changes in the apparent sensitivity 519 

of soil carbon decomposition to soil temperature, therefore the static dependence of 520 

microbial processes on soil temperature as used in our study may not be applicable. Our 521 

simplification of the soil microbial community and soil carbon fractions is necessary for 522 

analytic tractability, but may also limit the applicability of our results to field experiments. 523 

For example, Allison (2012) showed that the apparent kinetics of soil carbon decomposition 524 

can vary with the spatial scale: the regular Michaelis-Menten kinetics at microsites coupled 525 

with an explicit representation of different strategies for facilitation and competition among 526 

different microbial taxa generated litter carbon decomposition kinetics similar to the 527 

reverse Michaelis-Menten equation. Therefore the identified differences between the two 528 

models should vary with spatial scale. 529 

The regular and reverse Michaelis-Menten kinetics can be considered as two special cases of 530 

a more general kinetics, as discussed by Tang (2015).  Both models use different mass 531 

balance constraints (see Tang 2015), which are unlikely to hold across a wide range of 532 

conditions. In real world, the kinetics and parameter values of carbon decomposition likely 533 

depend on a number of other factors, such as soil physical properties, substrate quality and 534 

soil nutrient availability (Manzoni and Porporato, 2009). Future studies of soil carbon 535 

decomposition kinetics need to include those factors and the role of root growth dynamics 536 

and photosynthetic activities in rhizosphere priming (see Kuzyakov 2002).  537 

Finally both models have a number of parameters, and their values are largely based on 538 

laboratory studies (Allison et al., 2010). The values of those parameters may be quite 539 

different under field conditions. Evaluation of their applicability under a wide range of field 540 

conditions will require an integrated approach, such as applications of model-data fusion 541 

using a range of field experiments (Wieder et al., 2015). This will eventually lead a better 542 

understanding of the significance of microbial activity on soil carbon decomposition and 543 

more accurate predictions of carbon-climate interactions.      544 

5. Conclusions  545 

This study analysed the mathematical properties of two nonlinear microbial soil carbon 546 

models and their responses to soil warming and carbon input. We found that the model 547 
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using the reverse Michaelis-Menten kinetics (model A) has shorter and more frequent 548 

oscillations than the model using regular Michaelis-Menten kinetics (model B) in response 549 

to a small perturbation.  550 

The responses of soil carbon to warming can be quite different between the two models. 551 

Under global warming, model A always simulates a decrease in soil carbon, but model B will 552 

likely simulate a decrease in soil carbon in temperate and boreal regions, and an increase in 553 

soil carbon in tropical regions, depending on the sensitivities of microbial growth efficiency 554 

and microbial biomass turnover rate. 555 

The response to carbon input varies with soil temperature in both models. The simulated 556 

maximum response to priming by model A generally is smaller than that by model B. The 557 

maximum rate of CO2 efflux from SOC decomposition (Fmax) to carbon input in the primed 558 

treatment decreases with an increase in soil temperature in both models, and the sensitivity 559 

of Fmax to the amount of carbon input increases with soil temperature in model A; but 560 

decreases monotonically with an increase in soil temperature in model B.  561 

Based on those differences between the two models, we can design laboratory or field 562 

experiments to assess which model is more applicable in the real world and, therefore, 563 

advance our understanding of the importance of microbial processes at regional to global 564 

scales. 565 
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Appendix A: Stability analysis of model A  704 

The Jacobian at the equilibrium pool sizes, J, is given by 705 

2 = 3−�� −�4 0��� ���4 + �6	 − !� ��70 !� − �6 −�7
8      (A1) 706 

where �� = !�9, �7 = !�9, �4 = !���∗ :;:"� |"�="�∗  , �6 = !���∗ :;:"� |"�="�∗  707 

9 = "�∗"�∗#�� ,  
:;:"� |"�="�∗ = ���"�∗#��	>, and ��∗, ��∗ and ��∗ are the equilibrium pool sizes of litter 708 

carbon, microbial biomass and soil carbon in g C m
-2

, respectively. 709 

The three eigenvalues of J are given by 710 
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8 ≈
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�"�∗��#�	�D"�∗
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GG
H

                                                                                     (A2) 711 

where  ∆ = ��∗�!� − !�	7 − 4!�!�+��1 − �	. 712 

These correspond to three carbon pools (λ1 for litter carbon, λ2 for microbial biomass and λ3 713 

for soil carbon). If the eigenvalue of a carbon pool is complex, then the response of that 714 

pool to a small perturbation is oscillatory, or monotonic otherwise. If the real part of the 715 

eigenvalue is negative, then the response is stable. Therefore, the responses of all three 716 

carbon pools to a small perturbation are monotonic if  ∆ > 0, or  NOO > 4 ����	>
� ��>����	> +� ,  717 

or oscillatory otherwise (or  ∆ < 0). The responses of all carbon pools are always stable 718 

because 
�"�∗��#�	7�"�∗#��	  <0. 719 

The corresponding eigenvectors of J are given by 720 

�Q� Q7 Q4	 ≈
A
BC

R + ST��∗ ∆ R − ST��∗ ∆ 0
�"�∗��#��7�	#D"�∗
∆

7�"�∗
�"�∗��#��7�	�D"�∗
∆

7�"�∗ 01 1 1F
GH  (A3) 721 
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where R = − ����	����	7��� − ���� − 1	 ��"�∗  722 

 S = ���7���"�∗. 723 

When the responses of carbon pools to a small perturbation are oscillatory and stable, the 724 

amplitude of oscillation decreases exponentially after t=0. The oscillatory response can be 725 

characterized by its half-life (t0.5) and period (p) (both in years) calculated from their 726 

eigenvalues. The amplitude of a stable oscillation decreases exponentially over time, and 727 

time when the amplitude is half as much as the amplitude at t=0 is defined as t0.5. t0.5 and p 728 

are calculated as 729 

UV.X = − YZ�7	�[�∗ �\�]\��
>�[�∗ ]^��

= 7YZ �7	�"�∗#���"�∗��#�	        (A4) 730 

) = 7_
D�[�∗ `∆>�[�∗ ]^�	

= 7_�"�∗#��	
D�"�∗
∆         (A5) 731 

for model A. Wang et al. (2014) gave the formulae for t0.5 and p for model B (their eqns 24 732 

and 25). 733 

As shown in Figure A1, the half-life is longest for both models when soil temperature is high 734 

and carbon input is low, conditions often experienced in arid ecosystems, implying a strong 735 

oscillation at these conditions. At a given soil temperature and carbon input, the half-life for 736 

model A is about half as much as that for model B (see Figures A1A and A1B). When carbon 737 

input is > 1000 g C m
-2

 year
-1

, as in tropical rainforests, the half-life is less than 1 year for 738 

model A at a soil temperature between 20 
o
C and 30 

o
C, and for model B at a soil 739 

temperature between 0
o
C and 20 

o
C only.  740 

Over the range of realistic carbon inputs and soil temperatures, the values of both t0.5 and p 741 

of model A are less than half as much as those of model B (See Figure A1). Therefore the 742 

responses of carbon pool sizes to a small perturbation in model A oscillate faster and those 743 

oscillations also dampen faster than model B.  744 

As shown by Wang et al., (2014) (their Appendix B, eqn B1, there ai is eigenvalue and vi is 745 

eigenvector), the evolution of each carbon pool after a small perturbation can be 746 
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mathematically represented using the eigenvalues, eigenvectors and initial pool sizes (eqn 747 

B1 in Appendix B of Wang et al. (2014)). The third elements of the eigenvectors 748 

corresponding to litter carbon (v1 in eqn A3) and microbial biomass (v2 in eqn A3) represent 749 

the influences of those two carbon pools at any time on soil carbon. Because those 750 

elements are equal to 1 (see the matrix in Eqn A3), the oscillation of litter carbon and 751 

microbial biomass will also cause the response of soil carbon to be oscillatory, although the 752 

oscillation is small and dampens very quickly. In model B, the third elements of the 753 

eigenvectors corresponding to litter carbon and microbial biomass zero (see the bottom row 754 

of the matrix in A4 of Wang et al. (2014)), therefore oscillatory responses of litter carbon 755 

and microbial biomass have no effect on the response of soil carbon, and the eigenvalue of 756 

the soil carbon in model B is negative real, therefore the response of soil carbon to a small 757 

perturbation always is monotonic and stable in model B (see Appendix A in Wang et al. 758 

2014). 759 

 760 

Appendix B: Soil temperature at which equilibrium soil carbon pool is minimum (Tx) 761 

The steady state soil carbon pool size of model A is 762 

��∗ = �� + ������� 
���� + �1 + ����� − 1	� ����      (B1) 763 

The first term on the right-hand side of eqn (B1) always decreases with an increase in Ts, and 764 

the second term has two parts: �1 + ����� − 1	� and 
���� . Because Both Kb and !� increase 765 

with Ts exponentially, and the sensitivity !� to Ts is much greater than Kb, therefore 
���  766 

always decreases with an increase in Ts, and that decrease is much greater than the increase 767 

in �1 + ����� − 1	� with Ts. As a result, the second term also decreases with an increase in 768 

soil temperature, independent of temperature sensitivity of µb. In summary for model A, 769 

a"�∗ab� < 0. 770 

The steady state pool of soil carbon in model B is  771 
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It can be easily shown that Tx can only exist only when vk b ββ −+ ≤0 and 0<a<1 775 

And  776 

'c = '% + �d�ec          (B4) 777 

f = −0.5 ���� + 0.5h� �����7 − 4 � ����� c
vk b ββ −+
     (B5) 778 

When a=0, Tx does not exist and  779 

 
a"�∗ab� < 0;   jhen vk b ββ −+ ≤0;        (B6) 780 

 
a"�∗ab� > 0;   jhen vk b ββ −+ >0        (B7) 781 

for model B. 782 

 783 

Appendix C. Derivation of an analytic approximation for the timing and magnitude of the 784 

maximum microbial biomass after priming  785 

Both models can be used to simulate the response of soil carbon to priming by specifying 786 

different initial pool sizes for the primed and control treatments. The initial values are 787 

���U = 0	 = ��∗ + ∆��; ���U = 0	 = ��∗ and ���U = 0	 = ��∗ for the priming treatment; 788 

���U = 0	 = ��∗; ���U = 0	 = ��∗  and ���U = 0	 = ��∗   for the control. 789 
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Here we assume that all pools are at equilibrium just before the priming treatment at t=0. 790 

��∗, ��∗ and ��∗ are equilibrium pool sizes, and ∆�� is the amount of litter carbon added at 791 

time t=0. No carbon is added to both treatments after t=0.  792 

The CO2 efflux from soil carbon decomposition is calculated using eqn (15) for model A and 793 

eqn (16) for model B. Therefore we need to solve the three equations for Cb and Cs for t>0. 794 

Observations show that maximum priming response occurs soon after priming treatment 795 

(Kuzyakov, Friedelb and Stahr, 2000), therefore maximum priming response can be 796 

considered as a short-time scale phenomenon.  At short-time scale, Cs can be considered as 797 

being constant, and the maximum CO2 efflux from the priming treatment will occur when 798 

the microbial biomass reaches a maximum after t=0. Therefore we will use a second-order 799 

Taylor expansion to obtain the approximate solutions to the timing and magnitude of 800 

maximum CO2 efflux from the soil carbon decomposition in the priming treatment for each 801 

model. 802 

For model A, eqn(1) and (2) for both treatments after t>0 becomes  803 

bb

b
ll

l

KC

C
C

dt

dC

+
−= µ         (C1) 804 

a"�ak = !��� − !��� "�"�#��  805 

As the litter pool size at time t=0 is above its equilibrium value, the microbial biomass will 806 

likely increase after t=0 and then reach its maximum value.  807 

Eqns (C1), (2) and (3) can be simplified using variable substitution. 808 

Let  809 

�l� = ��+� , �l� = ��+�
!�!� , �l� = ��+�

!�!� , ∆�l� = ∆��+�
!�!� , m = U!� , �� = !�!� , �7 = !�!� , �4 =  noo!�+�!�7  

Then those three equations can be written as 810 

a"l�ap = −���l� "l�"l�#�          (C2) 811 

a"l�ap = �7��l� − �l� "l�"l�#�	          (C3) 812 
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a"l�ap = ���l� + �l�	 "l�"l�#� − �l�         (C4) 813 

with the initial pool sizes of 814 

�l��0	 = �q��
���� , �l��0	 = �q�� � ���� + �� + 1 + � ����   for both treatments, and �l��0	 = �1 −815 

�	��q�� + ���� 	 + ∆�l�, for the primed treatment; and �l��0	 = �1 − �	��q�� + ���� 	 for the 816 

control treatment. 817 

At relatively short-time scales, a2<<1, �l��U	 → �l��U = 0	. Microbial biomass carbon after 818 

t=0 can be approximated using the second-order Taylor expansion (Abramowitz and Stegun 819 

1972) 820 

�l��U	 = �l��0	 + U�l�s �0	 + k>
7 �l�ss�0	        (C5) 821 

Differentiating both sides of eqn (C5) with respect to t, we have 822 

�l�s �U	 = 0 + �l�s �0	 + U�l�ss�0	        (C6) 823 

Assuming that �l� is maximum at t=tmax,A, then �l�s �Ut�c,u� = 0. Eqn (C6) becomes  824 

�l�s �Ut�c,u� = �l�s �0	 + Ut�c,u�l�ss�0	 = 0      (C7)  825 

Both �l�s �0	 and �l�ss�0	 can be obtained differentiating eqn (C4) at t=0, giving 826 

�l�s �0	 = � "l��V	�#"l��V	 ∆�l�         (C8) 827 

�l�ss�0	 = −� "l��V	�#"l��V	 ∆�l���1 − �	 �q∆"l� + �1 + ��	 "l��V	�#"l��V	 − �∆"l���#"l��V		>	   (C9) 828 

Substituting eqns (C8) and (C9) into (C7), and solving for tmax,A, we have 829 

Ut�c,u = − ��
"l�′�V	

"l�′′�V	 = �
����	`���∆[� #��#�	 [�∗[�∗ ]^��v^�\�∆[��[�∗ ]^�	>

     (C10) 830 

Substituting eqn (C10) into eqn (C5), we have the maximum microbial biomass at tmax,A, or 831 

Cbmax,A for the primed treatment as follows: 832 

��t�c,u = +��l��Ut�c,u� = ��∗ + kwxy,z7 �"�∗"�∗#�� !�∆��      (C11) 833 
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The maximum rate of CO2 release from decomposition of soil organic carbon, Fco2 at t=tmax,A 834 

is given by 835 

 u = �1 − �	!��� "�wxy,z"�wxy,z#��.        (C12) 836 

Similarly we derived the approximations for the timing (tmax,B) and magnitude of maximum 837 

microbial biomass (Cbmax,B) in the primed treatment at t>0 as 838 

Ut�c,{ = �
v^�[�∗�v|�����x	���v	\�	�[}∗ ]∆[�	�~��>

�[}∗ ]∆[�]^�	q����������	����	�	      �C13	 839 

��t�c,{ = ��∗ �1 + 0.5Ut�c,{���� − �1 − �	�1 − �	!�	�    �C14	 840 

where  841 

�� = /����∗ + ∆��	��∗ + ∆�� + +�  
The rate of CO2 release from decomposition of soil carbon, FB, for model B at time t=tmax,B is 842 

given by 843 

 { = �1 − �	�*��&,S /�����++� ≈ �1 − �	!*�*��&,S.     (C15) 844 

Comparison with numerical simulations show that the relative error of eqn (C12) is <3% 845 

across soil temperature and carbon input within their realistic ranges. However errors in 846 

eqn (C15) for model 2 can be quite large, particularly at high carbon input. Eqn (C15) is only 847 

reasonably accurate (relatively error <10%) at low carbon input <700 g C m
-2

.   848 
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Table 1.Default values of model parameters and their temperature sensitivities (
o
C

-1
). Four 849 

parameters were tuned: 
1
: tuned using the microbial biomass data measured from a tropical 850 

forest site (see Sayer et al. 2011); 
2
: tuned against the soil carbon pool size simulated by 851 

model B by Wang et al. (2014). 852 

Default value Source Temperature sensitivity  Source 

εR=0.39 Allison et al. (2010) x=0.016 Allison et al. (2010) 

µbR=1.1 year
-1

 This study
1
 b=0.063 Hagerty et al. (2014) 

µlR=0.84 year
-1

 This study
2
 αl=0.063 Hagerty et al. (2014) 

µsR=0.028 year
-1

 This study
2
 αs=0.063 Hagerty et al. (2014) 

KbR=100 g C m
-2

 This study
1
 αk=0.007 Allison et al. (2010) 

KlR=67275 g C m
-2

 Wang et al. (2014) βkl=0.007 Allison et al. (2010) 

KsR=363871 g C m
-2

 Wang et al. (2014) βkss=0.007 Allison et al. (2010) 

VlR=172 year
-1

 Wang et al. (2014) βvl=0.063 Allison et al. (2010) 

VsR=32 year
-1

 Wang et al. (2014) βvs=0.063 Allison et al. (2010) 

 853 

Table 2. Key differences between the two nonlinear soil microbial models 854 

Response to Model A Model B 

Pool size 

perturbation 

More frequent and faster  

oscillations in litter and microbial 

carbon pools 

Soil carbon pool may oscillate 

Less frequent and slower 

oscillations in litter and microbial 

carbon pools 

Soil carbon pool does not oscillate 

Warming Soil carbon pool always decreases Soil carbon may increase or 

decrease 

Carbon input Sensitivity of maximum CO2 efflux 

increases with soil temperature 

Sensitivity of maximum CO2 efflux 

decreases with soil temperature 

 855 
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 857 

 858 

 859 

Figure 1. Variation of microbial growth efficiency (ε), Vl and Kb with soil temperature (left panel) or 860 

the region in which model A has oscillatory or non-oscillatory response to a small perturbation (right 861 

panel) at different carbon input and soil temperature. 862 
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 867 

Figure 2. Dynamics of litter carbon (A,B), microbial carbon (C,D) or soil carbon (E,F) for model A (A,C 868 

and E) or model B (B,D and F) after a 10% reduction of initial pool size in litter and microbial carbon. 869 

The unit is g C m
-2

 for carbon pool on y-axis and year for time. All initial pools are steady state values 870 

for a carbon input of 200 g C m
-2

 year
-1

 at a soil temperature is 25 
o
C.  871 
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 872 

  873 

Figure 3. (A)Variation of  Tx, or the soil temperature at which the equilibrium soil carbon pool is 874 

minimum, with the temperature sensitivity of microbial growth efficiency (x) and the fraction of 875 

carbon input directly into soil carbon pool (a). µb was fixed at 1.1 year
-1

 (or b=0) for this plot; (B) 876 

variation of Tx with x and b. Parameter a was fixed at 0.05 for plot (b). The unit is 
o
C for all the 877 

numbers along the contour lines in both (A) and (B). The black region in (B) represents Tx <0 
o
C. 878 
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 879 

Figure 4. Mean monthly total (above and belowground) litter carbon input to the control or litter 880 

addition treatment.  881 
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 883 

Figure 5. Simulated response of soil CO2 efflux in control and litter addition (L+) experiments as 884 

described by Sayer et al. (2014) using model A (A) or B (B). The dark grey bar and black bars 885 

represent CO2 effluxes from litter and soil organic carbon decomposition, respectively. The light grey 886 

bar for the litter addition treatment represents the additional CO2 efflux from soil organic carbon 887 

decomposition due to additional litter input.  888 

B

Treatment

Control L+

S
oi

l C
O

2 
ef

flu
x 

(g
 C

 m
-2

 y
ea

r-1
)

0

200

400

600

800

1000

1200

1400

1600
A

Treatment

Control L+

S
oi

l C
O

2 
ef

flu
x 

(g
 C

 m
-2

 y
ea

r-1
)

0

200

400

600

800

1000

1200

1400

1600



41 

 

 889 

 890 

 891 

 892 

Figure 6. Dependence of maximum rate of CO2 efflux from the decomposition of soil carbon in the 893 

primed treatment (Fmax) as a function of soil temperature and carbon addition at time t=0 for Model 894 

A (a) or B (b). At each soil temperature, the carbon input was varied from 100 g C m
-2

 to 1000 g C m
-2

, 895 

and Fmax increases with an increase in carbon input as shown by the arrow in each plot. (c) variation 896 

of equilibrium soil microbial biomass with soil temperature and carbon input at 200 (solid black), 600 897 

(long shaded) and 1000 (short-dashed) g C m
-2

 year
-1

 for Model A; and (d) variation of equilibrium 898 

litter carbon with soil temperature in Model B.   899 
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 901 

Figure A1. Half-time (A and B) or period (C and D) for model A (panels A and C) or B (panels B and D). 902 

The unit is year for both half-time and period. Note the difference scales used for Model A from 903 

model B for both half-time and period. The purple region represents non-oscillatory region for 904 

model A in Panel C, and a period greater than 30 years for model B in Panel D. We assumed that a=0 905 

for all calculations. 906 
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